CONSTRUCTION OF A GIBBS MEASURE ASSOCIATED TO 
THE PERIODIC BENJAMIN-ONO EQUATION 

N. TZVETKOV 



Abstract. We define a finite Borel measure of Gibbs type, supported by tlie 
Sobolev spaces of negative indexes on tlie circle. Tlie measure can be seen as 
a limit of finite dimensional measures. These finite dimensional measures are 
invariant by the ODE's which correspond to the projection of the Benjamin-Ono 
equation, posed on the circle, on the first N, N > 1 modes in the trigonometric 
bases. 



1. Introduction, preliminaries and statement of the main result 

Let us denote by the circle identified with IR/(27rZ). For u £ ^'{S^) a distribu- 
tion on S^, we define its Fourier coefficients as u{n) = (27r)^-'^M(exp(— mx)), n £ Z,. 
Then, we have the Fourier expansion of u (cf. [12]). 



^M(n)e*"^ in V'{S^). 
We say that u is real valued, if u = u, where u is defined as 



u = 



u{ip)=u{<f), yip £ C'^{S^;C). 
We also have that u is real valued iff its Fourier coefficients satisfy, 



u{n) = u{—n), Vn e Z . 

For s G M, we denote by H^{S^) the complex Hilbert space of distributions on 
equipped with the scalar product (•, ■)s, defined by 

(1.1) {u, v)s = 27r ^(n)2^u(n)^H , 

where (n) = (1 + n^)!/^. For s = 0, H'{S^) = L'^{S^) and for s > 0, the space 
H^{S^) contains integrable functions on the circle, while for s < the elements 
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of H^{S^) are not induced by integrable functions via the canonical identification. 
Denote by H^{S^) the subset of H'{S^) defined as 

H^iS^) = {ue H'{S^) : n(0) = 0, n(n) = ^P^, Vn e Z*}. 

Notice that the elements of Hq{S^) are real valued distributions. We have that 
Hq{S^) endowed with the scalar product (jl.ip is a real Hilbert space. For s > 0, 
the space H^{S^) contains the real valued functions of H^{S^) with zero mean value. 

Consider the Cauchy problem for the Benjamin-Ono equation, posed on S^, 

(1.2) {dt + Hdl)u + d^{u^) = 0, u\t=o = no G H^iS^) 

for some s G M. In (fL2|) . H : H^{S^) — > H^{S^) denotes the Hilbert transform 
defined for w G Hq{S^) as 

w I — > —i ^ sign(n)?i)(n)e*"^ , 

nGZ* 

i.e 

Hw{n) = —isign{n)'w{n), n G Z*, Hw{0) = 0. 

Considering solutions of (jl.2p in the space Hq{S^) seems reasonable since by a /or- 
ma/ integration of the equation the mean value of u is preserved. If s < the 
expression u'^ is a priori not defined and the interpretation of the nonlinear term in 
()1.2p requires to be done carefully. For s > 0, it follows from the work of Molinet 
that (|1.2p has a well-defined global in time dynamics in the phase space Hq{S^). 

Recall that the Benjamin-Ono equation is an asymptotic model derived from the 
Euler equation for the propagation of internal long waves (see [2j). 

The goal of this paper is to construct a weighted Wiener measure, of Gibbs type 
associated to (|1.2p . This construction is in the spirit of the work by Lebowitz-Rose- 
Speer [8] for the nonlinear Schrodinger equation. As we will see, in the context of 
(|1.2p the construction requires more involved probabilistic arguments compared to 

We fix for the remaining part of this paper a positive number a. The Gibbs type 
measure we construct will be a finite Borel measure on Hq'^{S^). For an integer 
N > 1, we consider the finite dimensional sub-space of Hq'^{S^) defined as follows 

En= (ue HQ^'iS^) : u{n) = 0, \n\ > n). 
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Notice that the elements of E]\j- are real valued C°°(5^) functions and we may identify 
En with M?^ by specifying a bases of E]\[. A canonical bases of E]\[ is formed by 
cos(nx), sin(nx), 1 < n < A^. One can also equip E'tv with a canonical measure 
induced by the mapping from M^-^ to En defined as follows 

N 

(1.3) (ai,--- ,aN,bi,--- ,^Af) ' — > ^ (^anCos{nx) + 6„sin(nx)y 

n=l 

Let us denote by Sn the Dirichlet projector defined for u € V'{S^) as 

Sn{u) = n(n)e^"^ 

\n.\<N 

Notice that if u S Hq'^{S^) then SNiu) £ En. Let us consider the following ordinary 
differential equation with phase space En 

(L4) {dt + Hd'^)uN + SN{d^iu%)) = 0, UN\t=o = uq £ En- 

Let us decompose UN{t,x) in the canonical bases as 

N 

UN{t, x) = {an{t) cos{nx) + bnit) sin(na;)^ , an{t), bn{t) G M. 

n=l 

Then, if we set 

CnW = -^(anit) - ibn{t)) 

we can write 

MAr(t,x)= c„(t)e*"'', c„(t) = c_„(t). 

0<|n|<Af 

Thus (jl.4p is an ODE for the coefficients Cn{t), < |n| < A^. More precisely for 

< |n| < N, 

(1.5) c„(t) = -isign(n)n^Cn,(t) - in ^ (t)cn2 (t) , c„(0) = u5(n). 

0<|nj|<iV,0<|n2l<iV 

n=ni+n2 

Observe that the equation for n is the complex conjugate of the equation for — n 
and thus (jl.Sp is a system of N ordinary differential equation for 

c{t) = ici{t),--- ,c;v(t))GC^ 

which can be written in the form c = P{c) with P a polynomial of c, c of degree 
2 (equivalently one may write an ODE of similar type for (an,bn))- Thus we can 
apply the Cauchy-Lipschitz theorem for ODE's to (jl.5p and deduce that for every 
real valued uq £ En there exists a unique local in time solutions of ()1.5p on a small 



4 N. TZVETKOV 

time interval. Moreover, either the solution is global in time or there exists T ^ 
such that 

(1.6) lim max |c„(t)| = oo. 

Since integrations by parts give 

/ {Hdl{uN))uN = - [ {Hd^{uN)){d^{uN)) = 

and 

/ SN(dx{u%))uN = / dx{u%)uN = - / dxiu%) = 0, 
by multiplying (jl.4p by ujy, we obtain that 

dt{ / u%{t,x)dx) = 0. 

Thus the local solutions of ()1.4p satisfy 

(1-7) X] = ^II^Jv(i,-)|li2(si) = ^||no||i2(5i). 

0<|n|<Ar 

Therefore (jl.6p is excluded and thus we obtain that for every uq & the ODE 
(jl.4p has a unique global in time solution. 

The problem (|1.4p is a Hamiltonian ODE resulting from the Hamiltonian F de- 
fined by 

where for u G H^{S^) the operator l-D^I^ is defined as Fourier multiplier by 

\Dx\^u{n) = \n\2u(n), n G Z. 

Notice that Hq[S^) is invariant under the action of In addition, we have that 

1 1 
I 1 2 o I 1 2 = HOx 

and for real valued u,v £ C°^(S'^), 

(|i).|4„)(.)„W<i.= / „w(|D.|i„)(.M.. 

We can write ()1.4p as 



7/3 
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where V is the gradient on i^jy. Therefore the Hamiltonian F is also conserved 
by the flow of ()1.4p . Let us give a direct proof of this fact. We can write (11. 4p as 

(1.8) dtUN + d^{Hd^UN + Sn{u%)) = 0. 

Multiplying the last equation by Hd^u^ + Sj\[{u'j^) and integrating over S^, we get 



and thus 



{dtUN){HdxUN + Sn{u%)) = 



2 

On the other hand, using that dfUj^ £ Ejy, we get 



{dtUN)SN{u%) = / idtUN){uj^) = -dt{ I u%). 



"AT 

SI 

Therefore dt{F{u]sf{t, ■)) = which implies the Hamiltonian conservation for the 
solutions of ()1.4p . 

Let us now observe that (jl.Sp can be written in the coordinates = (oi, • • • , qat), 
= ih,--- ,bN) as 

(1.9) dta^ = -J^ dtb^ = JN 



where Jtv = — ^diag(l, 2, - ■ ■ ,N) and 

N 

F = F{a^, b^) = F(^J2 i^n cos(nx) + 6„ sin(n2;; 

n=l 

Indeed, the projection of (II. Sp on the mode cos(nx) is 



TTCLn + nn bn + / ('S'at (u^)) cos{nx)dx = 

and we may write 

dxiSNiuNix)"^)) cos{nx)d = n I SNiuNix^) sin{nx)dx 



si 

n / un{x)'^ sm{nx)dx 
isi 

on, s 
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On the other hand 



and thus 



/ {\D.^\^UN)\x)dx = TTY,nial + bl) 

■^S' n=l 

7rn^6„ = n^(^^ j ^[\Dj;\^^UN{x)f'dx^. 



d_n 

Therefore the projection of p.8|) on the mode cos(n2;) can be written as 
™" = (-^( X] cos(nx) + hn sin(nx; 

Similarly 

n d 



IT dan 



n=l 



N 



■Kbn = - — 2^ (ancos(nx) + 6„, sin(nx' 



n=l 

and thus, the equation (jl.Sp may indeed be written in the form ()1.9p . Since 

, , d ( dF\ d ( dF \ 

(1-10) Qj^ [ - JNg^) + ^[-^^3^)=^ 

the Liouville theorem for divergence free vector fields (cf. e.g. |14j ) applies to (jl.9p . 
and thus to (jl.4p too. More precisely, if we denote by $7v(i) : En — > Ejy, t G R the 
flow of (|1.4p then it follows from the Liouville theorem that the Lebesgue measure 
A AT on £^ AT is invariant by the flow of (|1.4p . Namely, for every measurable set A C En 
and every t G M one has Xn{A) = Xj\f{^j\f{A)). Since F is a conserved quantity for 
(jl.4p . we also have that for every /3 G R the Gibbs measure exp{(3F{uN))dXNiuN) 
is also invariant by the flow of (II. 4p . Moreover since the norm oi un is also a 
conserved quantity, we have that for every real constant cat and every measurable 
function XN : R — > M the measure 

(1.11) CArXAf(||nAr||i2(5i))exp(/3F(uAr))dAAr('UAr) 

is also conserved by the flow of (II. 4|) . We are going to show that for a suitable choice 
of Cat and XN the measures p.lip . extended to Hq"{S^), tend to a limit measure 
which is a finite Borel measure on Hq^{S^), absolutely continuous with respect to 
a Wiener measure on Hq'^{S^) induced by a Gaussian process. 

Recall that we identify the Lebesgue measure on as the image measure under 
the map (11.31) from to E]\f. Let us next consider the measure d6]\f defined as 

N 

dON = e-^S-i"('^"+^") W dandhn • 

n=l 
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Notice that 9n(M?^) = (A^!)~^. We then consider the probabihty measure 

d9N = NISn. 

We still denote by Ojy the measure on E]\f induced from ^at by the mapping (jl.Sp . 



Let us fix a family Z„ € AA(0, 1), n = 1, 2, • • • of independent identically dis- 
tributed standard real valued Gaussian variables on a probability space {i},A,p). 
Let us observe that the measure is the distribution of the valued random 
variable defined as 

N 

(/JAr(a;,x) = (jin{uj) cos{nx) + /n(u;) sin(nx) 

n=l 

where hn,ln G -^^(0, l/\/2vm) are independent identically distributed real Gaussian 
random variables on (^},A,p). Thus we may assume that h^iuo^ — (27r77') '^hryiiuj^ 
and ln{'^) = (27™)" 2/^(0;) J where /i^, In £ AA(0, 1) are the fixed standard real valued 
Gaussians. Therefore, if we set 

5„(tj) = --^(/i„(cj) - iln{io)) 

then {gn{uj))!^^i is a sequence of standard independent identically distributed com- 
plex Gaussians and 



Let us denote by L'^{Vt] H^^" {S^)) the Banach space of Hq '^(S'^)) valued functions 
on Vt (the integration of such functions being understood in the sense of Bochner 
integrals). Clearly {^pn) is a Cauchy sequence in L^(0; //J"'^(S'^)) and hence we can 
define 

(L12) ^(^,^)=^^!i(^e»-, gn{u:)=^:j^). 

as an element of L^(r2; Hq'^ [S"^)). In particular (/^(w, •) G Hq'^{S^) almost surely and 
the map lo i— > ip{LO, •) is measurable from (J7, ^) to {Hq'^ {S^),B), where B denotes the 
Borel sigma algebra of Hq'^{S^). Thus ip{u!,x) defines a measure 6 on {Hq'^ {S^),B) 
as follows : if ^ G ^ then e{A) = p{oj : (p{uj,-) G A). Let XR ■ ^ ^ [0,1] be a 
continuous function with compact support such that xui^) = 1 ^or \x\ < R. Define 
the measure dfiN on Ejy as 

dfiNM =Xr{\\un\\12^s^-j -aAr)e-i^si«ivW''i^d0^(u^), 
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where 

n=l 

Notice that qjv diverges as log(A^) for ^ 1. Observe that in the coordinates a„, 6„ 
given by (jl.3p the measure fiN reads 

N 
n=\ 

with 

AT 

= (o„ cos(nx) + 6n sin(nx)) . 

n=l 

From the above discussion (see (ll.lOp ) the measure rin=i dandbn is invariant and 
since F and the norm are conserved under the flow of (jl.4p . we obtain that d/XAr 
is invariant under the flow of (jl.4p . 

Observe that if A G is a Borel set of Hq'^^S^) then A n Sat is a Borel set of 
(indeed, this is clear for cylindrical sets A and then can be extends to all A ^ B 
using that B is the minimal sigma algebra containing all cylindrical sets). We then 
define the measure pN which is the natural extension of fiN to {Hq'^{S^),B). More 
precisely for every A ^ B which is a Borel set of Hq{S^), we set 

Pn{A) = pn{A n En) ■ 

We now can state the main result of this paper. 

Theorem 1. The sequence 

(1.13) XR(l|57v(n)||i.(5,) -a,v)e-i^si(^iv-)(-)^'^- 

converges in measure, as N ^ oo, with respect to the measure 9. Denote by G{u) 
the limit of U.lcl]) as N ^ oo. Then for every p £ [1, oo[, G{u) £ LP{d9{u)) and if 
we set dp{u) = G{u)d9{u) then the sequence dpN converges weakly to dp as N tends 
to infinity. More precisely for every continuous bounded function h : Hq'^{S^) M 
one has 



Ih. 



h{u)dp{u) = lim / h{u)dpN{u) 



Our approach to establish Theorem [T] is inspired by the considerations in |3]. The 
main point in the proof of Theorem [1] is that thanks to the mean value conservation 
for (jl.4p the resonant part of J^i u% disappears and thus we can get the needed 
integrability by using some known estimates of the second and third order Wiener 
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chaos. Observe that in a similar analysis in the context of the 2D NLS [4J, the 
resonant part of the Hamiltonian should be subtracted which leads to a change of 
the power nonlinearity to a nonlocal one (the Wick ordering). 

In order to prove that the measure /3, constructed in Theorem [T] is indeed an 
invariant measure for the Benjamin-Ono equation a significant PDE problem should 
be resolved. It would be necessary to establish a well-defined dynamics of (jl.2p for a 
typical element on the statistical ensemble. More precisely, one needs to solve almost 
surely in lo the Cauchy problem of ()1.2p with data (11.12p . Unfortunately, one can 
prove that the Lp'{S^) of (jl.l2p is a.s. infinity and thus the LP' well-posedness result 
of Molinet does not apply for this data. However, the expression (jl.l2p merely misses 
to belong to LP (it belongs a.s. to all IL^{S^), s < 0). Recall that a somehow similar 
situation occurred in [Ij and therefore it is not excluded to construct the fiow of 
(jl.2p with data (jl.l2p a.s. in w. Observe that local existence would suffice since one 
may exploit the measure invariance of /Li at under the flow of (jl.4p to get a.s. global 
solutions (see [3]). In the final section of this paper we give several estimates con- 
firming that one may expect to construct the flow of (|1.2p a.s. for data of type (|1.12p . 

Let us observe that one can use the ideas of this paper to perform similar con- 
structions with the higher order conservation lows of the Benjamin-Ono equation in 
combination with Molinet's well-posedness analysis. We believe that this provides 
invariant measures for the Benjamin-Ono equation living on regular spaces. One 
however still needs to use the Tao's gauge transform for the truncated ODE in order 
to get uniform continuity properties of the flow map. We plan to pursue these issues 
elsewhere. 

The remaining part of this paper is organized as follows. In the next section, we 
prove several elementary inequalities. In Section 3, we recall the hypercontractivity 
properties of the Ornstein-Uhlenbeck semi-group. In Section 4 we prove Theorem [TJ 
In the last section we prove several PDE estimates related to the random series 
ip{uj,x) which indicate that one may conjecture that the flow of the Benjamin-Ono 
equation may be deflned for a typical element of the statistical ensemble. 



2. Elementary calculus inequalities 

In this section, we collect several calculus inequalities, useful for the sequel. Sim- 
ilar inequalities were used systematically by many authors in the context of well- 
posedness for dispersive equations starting from the work of Kenig- Ponce- Vega [7\. 
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Lemma 2.1. For every e > there exists G M such that for every n G Z, 



1 . a 



< 



e 



^^\/n X \ni\\n-ni\ (1 + |n|)i ^ ' 

nieZ\|0,n} 

Proof. From the triangle inequality, |n| < |ni| + |n— ni|. Therefore, either \n\ < 2\ni\ 
or |n| < 2|n — ni|. Thus it suffices to show that for every e there exists G M such 
that uniformly in n, 

y r-n^ i<Ce, y ^ — r<Cs. 

^-^ ni r n — rii ^-^ ni n — ni F 

nieZ\{0,n} I ^1 I -"I nieZ\{0,n} ' " ' 

By a change of the summation n — ni m we observe that the two inequalities 
we have to establish are equivalent. Let us prove the second one. We consider two 
cases. 

Case 1. Consider the summation over ni such that |n — ni| > Denote by / 

the contribution of this region to the summation. Then 

/< y r-^r^ = C,<oo. 
- ^ ni 



Case 2. Consider the summation over n\ such that |n — ni| < ^|ni|. Denote by // 
the contribution of this region to the sum. The restriction |n — ni| < implies 
that ||n| < < 2|n|. Thus 

11 <C y ^<(71og3. 

I n| < I n-|_ I <2| n I 

This completes the proof of Lemma 12.11 □ 
Lemma 2.2. Let us fix e g]0, l/4[. Then there exists Ce > such that for every 

j2 3 ^ , < 

nez\{0,"} 1^1^ ^|n-a|5 ^ (l + |a|)5 ^ 

Proof. We can suppose that a / 0. If |n — a| > then the contribution of these 



values of n is bounded by 



E 



< 
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Let us next bound the contribution of those n satisfying \n — a\ < i^. In this case 
■'y- < I^T-I < and the contribution of those n to the sum is bounded by 



Cf^ \ — ^ 1 Cc \ — \ 1 Cc 



M<H<3M - "1^"' H<H<3M 
exactly as in the proof of Lemma 12.11 This completes the proof of Lemma 12.21 □ 

3. HyPERCONTRACTIVITY PROPERTIES OF THE OrNSTEIN-UhLENBECK 

SEMI-GROUP 

In this section, we review some — L'^ estimates for the heat flow associated to 
the Hartree-Fock operator A — a; • V (see Proposition 13.11 below). We then obtain 
corollaries, known as bounds on the Wiener chaos, useful for the proof of Theorem[Tl 
For details and background concerning the discussion of this section (in particular 
for the proof of Proposition 13. 1|) . we refer to p!|f9| and the references therein. 

For d > 1 an integer, we consider the Hilbert space H = L^(M'^, exp(— |xp/2)dx) 
of functions on the euclidean space, square integrable with respect to the Gaussian 
measure. Then the operator 

d 



(3.1) L = A-x-V = Y^(- 



dP__ _d_ 

can be defined as the self adjoint realisation on L^(R'^, exp{—\x\'^/2)dx) of A — x • V 
with domain 

D=(u: u(x) = el^l'/^z;(x), v £ Di^ 

where 

Di = (ve L^iM.'^) : x'^d'^vix) G L^R'^), V(q, (3) G N^'^, \a\ + |/3| < 2) . 
Indeed, one can directly check that 

(3.2) e-NV4^gNV4 = A_ (^M!_^y 

Of course, should be seen as 1/2 ydy. It is well known that A — |xp with 
domain Cq°{M.'^) is essentially self adjoint on L^(M'^). Moreover Di defined above is 
the domain of the self adjoint extension. In addition 

d 

spec(A - |x|2) = I - ^(2A;j + 1), /c^ G {0, 1, 2 • • • }, j = l,---,d}. 
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We now observe that if u solve (A — = An then v{x) = u{x/\/^) solves 

/. Jrrp X + d 
A — ]v = . 

Thus, we deduce that A — (|xp/4 — d/2), with domain Di, is self-adjoint on L^(]R'^) 
and its spectrum is formed by the integers < 0. Therefore, using (j3.2p . we obtain 
that L has a self adjoint realisation on L-^(R'^, exp(— |xp/2)(ix) with domain D. The 
operator L is negative with respect to the -L^(R'^, exp(— |2;p/2)(ix) scalar product. 
Then the solutions of the linear PDE 

(3.3) dtu = Lu, u\t=o = Mx) ^ H, x G M'', t G M+ 

are given by the functional calculus of self adjoint operators by the semi-group 
S{t) = exp(tL), i.e. the solution of (j3.3p is given by u{t) = S(t)uo. Of course one 
may also define S{t) via the Hille-Yosida theorem. It turns out that S{t) satisfies 
an amazing "smoothing" property in the scale of L^{W^ ,d^d)i P ^ 2, where 

d^id{x) = (27r)"'^/2exp(-|x|V2)dx 

(a probability measure on M*^). More precisely, a solution starting from Lp'iW^ ,d^d) 
initial data belongs to any LP{W^, d^d), p > 2 (a space smaller than H) for sufficiently 
long times. Here is the precise statement. 

Proposition 3.1. Let us fix p > 2. Then for every uq G H, every t satisfying 
t>^log{p-l), 

(3-4) \\Sit)uo\\]^p(^^d^df,d) ^ ll"o|lL2(]Rd^rf^^) . 

Remark 3.2. The exponent 2 in the right hand-side of ll[3.4\ ) may he substituted by 
other values q < p and then the restriction on t is t > (l/2)log((p — l)/{q — 1)). 
There is a close correspondence between and logarithmic Sobolev inequalities 

for the Gaussian measure. In addition, hypercontractivity estimates of the spirit of 
Ii3.4\ ) are known for many other heat flows. 

Thanks to (|3.2|) the spectrum of L is formed by the integers < and the eigen- 
functions of L may be described in terms of the Hermite polynomials. The Hermite 
polynomial hk{x), A; = 0, 1, 2, • • • can be defined via a generating function as 

°° A'^ 

exp ( - Ax - y) = ^ -y=hk{x) . 

Notice that h^^ix) = 1, h\{x) = — x, h2{x) = Iii what follows, we will only 

need these three facts about the Hermite polynomials. A bases of eigenfunctions of 
L on H is given by 

hk(x) = /lfci(xi)/ifc2(x2)---/ifc^(Xrf), 
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where k = {ki,k2, - ■ ■ , fed) G N'^ and x = {xi,X2, • • • , Xd) G M'^ . The eigenfunction 
hk corresponds to the eigenvalue 

\k = -{ki + --- + kd). 

The following statement will be used in the proof of Theorem [TJ 

Proposition 3.3. Set 

= ((ni, 712, ns) G {1, • • • , d}^ : ni / 77-2, ni ^ 113, n-2 ^ n^) . 

Then 

3 

where 

H{x)= ^ c(ni,n2,n3)x„iX„2a;„3, c(ni, n2, ns) G M . 

(ni,n2,n3)eSd 

Proof. The function is an eigenfunction of L corresponding to an eigenvalue —3. 
Therefore S{t)H = e~^*ff. Thus Proposition 13.11 vields the bound 

provided t>^ log(p— 1). By taking t = ^ log(p— 1) in the above bound, we complete 
the proof of Proposition 13.31 □ 

Let us state another bound related to third order Wiener chaos. 
Proposition 3.4. Set 

T^d = ((ni,n2) G {1, • • • ,4^ : "-1 7^ "-2)- 

Then 

\\H{x)\\LP(j^d^dt,a) < {p - l)^\\H{x)\\L2(^R^i,d^,a)^ 

where 

H{x)= ^ c(ni,n2)x„^(a:^2 - 1), c(ni,n2)GM. 

(ni,n.2)eSd 

Proof. Again the function H is an eigenfunction of L corresponding to an eigenvalue 
—3. Therefore we can complete the proof as we did in the proof of Proposition 13. 3[ 

□ 

We will also make use of the following inequality. 
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Proposition 3.5. We have the bound 

l|-H'(a;)llLP(R^d/.^) < (P- l)l|-H'(2;)||L2(Rd,d^^), 

where 

d 

H{x) = Y,c{n){xl-l), c(n)GR. 

n=l 

Proof. The function H is an eigenfunction of L corresponding to an eigenvalue —2. 
Therefore S{t)H = e~^^H. Thus Proposition 13.11 yields the bound 

\\H\\LP{Rd,d^ia) - 6Xp(2t)||i?||i2(iRd^rf^^) . 

provided t > |log(p— 1). As in the proof of Proposition l3.3l by taking t = ^log{p—l) 
in the above bound, we complete the proof. □ 



4. Proof of Theorem [T] 

In order to deal with the low frequencies we will need the following distributional 
inequality. 

Proposition 4.1. For every Ci > and C2 > 0, e > 0, a > there exist C > 0, 
c > such that for every integer N > 1, every A > 2 satisfying N < X" one has 



6(u G H^'^iS^) : WSnuWloo^si) > CiA, WSnuWI^^s^^ < CalogA) < 
Proof. We will need the following Khinchin type inequality. 



C 



exp(cA2 



Lemma 4.2. Let (/„(w))neN be a sequence of independent identically distributed 
standard real Gaussian random variables. Then for every A > 0, every sequence 
(cn) G /^(N) of real numbers, 



(4.1) p(uj : \ Y^Cnln(.uj)\ > a) < 2e ^En 



n=0 

Proof. The assertion of this lemma follows from the estimates on first order Wiener 
chaos considered in the previous section. It is also a consequence of the observation 
that 'Y^Cnln is a Gaussian in AA(0, cr^) with cj^ = J2n^n- We include however here 
a proof of (j4.ip which has the advantage to work for more general systems of inde- 
pendent zero mean value random variables instead of (/„(a;))„gN (such as Bernouli 
variables). 
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For t > to be determined later, using the independence, we obtain that 



= n 



^tc„x "-^ 



n>0 



n 



(te„)2/2 ^ „(tV2)E„4 



n>0 

Using the above calculation, we infer that 

e(*V2)E„4>e*^ Pico : j;c„/„M>A) 

n>l 

or equivalently, 

n>l 

Using that for a > the minimum of f{t) = at^ — ht is — 6^/4a, we obtain that 

p : J]] c„/„(c<j) > A) < e . 

n>l 

In the same way (replacing Cn by — c^), we can show that 

A 



p{uj : ^Cn/n(t^) < -A) < e 2E„ 



2 

3" 



n>l 



which completes the proof of Lemma I4.2[ □ 
Let us now give the proof of Proposition 14.11 Set 

Ax = {ue Hq^S^) : ||57vu||ioo(si) > CiA, ||5^n||i2(5i) < CslogA). 

Observe that for a < 2 the Sobolev embedding applied to S^u suffices to conclude 
that for A ^ 1 the set A\ is empty. Hence the result is not trivial for a > 2 
(which will be the case in our application of Proposition 14. ip . For a > 2 the 
Sobolev embedding applied to S^u does not give a lower bound for ||S'Aru||£2 which 
is the main source of difficulty. Let us fix /3 > 2a. Define the points xj £ S^, 
j = 0, ••• ,[AA^], where A > 1 is to be fixed later by xj = (27rj)/(AA^)- The 
number A may depend on Ci, C2, e, a but should be independent of A and A^. 
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Notice that dist{xj,Xj^i) < 2tt/{AX^), where 2;[aa'']+i = and dist denotes 
distance on (i.e. mod27r). Next, we define the sets Axj by 

Axj = {u£ i/o""(^') : \SNu{xj)\ > ^CiX, WSnuWI^^s^ < CslogA). 
We claim that for A 3> 1, 

[AA/5] 

(4.2) C U Ax,, . 

j=0 

Let us prove (14.20 . Fix u Ax. Let x* G be such that 

\S]\fu{x*)\ = max\Sj\fu{x)\. 

Thus \Snu{x*)\ > CiX. Then there exists jo G {0, • • • , [AA'^]} such that 

Then we can write 

\S]\iu{x*) — S]\iu{xjg)\ = / (Snu)' {tx* + {1 — t)xjf^)dt 



< 



\x* - Xjj2\\iSNUy\\L2(^S^) 



Let us choose A 1 such that for every A > 2, 



Then by the triangle inequality 

\Snu{xjJ > \SNn{x*)\ - \Snu{x*) - Snu{x,J > dX - ^CiX = ^CiX. 
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Hence u S ^Ajo which proves (14. 2p . Let us next evaluate 9{A\j). For that purpose 
we win make appeal to Lemma 14.21 Observe that 

1^1 1 
9{Axj) = p(^uj : I ^^(27rn)~ 2 ( cos(?7,Xj)/i„(a;) + sin(nxj)/„(a;)) > -CiA, 

n=l 

N 



^n-\hl{u:)+ll{u:))<2C2logX 



71=1 



Therefore, by ignoring the restriction and using Lemma 14.21 we obtain that 



where 



N 



cos^ (nxj) ^ sin^(nxj) 



N 



n=l 



27rn 



27rn 



-E- 

27r ^ n 

n=l 



Thus using that < A", we infer that k < Clog A, where C is independent of N 
and A. Therefore there exists c > 0, depending only on Ci, C2, a, e, such that 

(4.3) eiAx,j) < 2e~'^"-''" . 

Combining (|4.2p and (|4.3p implies that 

[AA/S] 



-cA^ 



i=0 



where C, c > are independent of A and N. This completes the proof of Proposi- 
tion ST) □ 

Let us define the functions Jn '■ Hq"{S^) ^ M by 

fN{u) = [ {{SNu)ix)fdx. 

Then we have the following statement. 

Lemma 4.3. The sequence {fN)N>i is a Cauchy sequence in Lp'{H^'^ {S^),B,d6) . 
More precisely, for every a < 1/2 there exists C > such that for every M > N > 1, 



(4.4) 

More 
(4.5) 



fuiu) - fN{u) 

vl > N >1, e 
fhliu) - fN{u) 



L'2(H-''(S^),B,de) 
Moreover, for every M > N > 1, every p > 2, 



LP{H-'^{S'^),B,dS) 



< Cp^N- 
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Denote by f{u) G L'^{Hq" {S^),B,d9) the limit of {fN)N>i- Let us notice that 
the result of Lemma 14.31 is displaying some important cancellations since using (for 
instance) the Fernique integrability theorem one may show that J^i |np = oo, 9 a.s. 



Proof of Lemma \4-3\ Write 



11/ 



N\ 



I I as. 



'Nu){x)fdx dd{u) 

2 



{{Sn'-p{'-jJ,x))) dx dp{uj), 



where (p{Lo,x) is defined by (jl.l2p . For N > 2, we set 

S(iV) = ((ni,n2,n3) G : rii + n2 + ris = 0, < |ni|, \n2\, jnal < N) . 

Then 

n3j^_ 1 9nA^) 9n2{^) 9n^i{^) 



(S'Ar(/?(w, x)) dx 



1 



(n„«,W)eE(A') \/i»lT \/R 

Next we define Si(A^) as follows 

Si(iV) = ((ni,n2,n3) G i;(iV) : ni / ±n2,ni / ±n3,n2 / ins). 

Observe that triples of the form (n, — n, 0) can not belong to T,(N) and therefore, 
we may write 

" {SNip{io,x)f = Fi{N,Lu) + F2iN,Lu), 
3 



F,(Ar,^)^__ ^ 
87r2 ^ 



5'n(w)52n(w) 



3 

n 2 



0<|n|<Af/2 

is the contribution of the terms (n, n, — 2n), (n, —2n,n) and (— 2n,n,n) and 

1 S-nilt^) SnaC^^) 9n3(^) 



F2(7V,L^) = 



E 



(n„n2,n3)eSi{JV) \^ \^ 

is the contribution of the remaining terms. Since 



II/m - fN\\l2(H--(S^ 



(H--(S^),B,d0) 



{{SMfi^^,x)))^dx— / {{SN^{uJ,x)))^dx dp{uj) 
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it suffices to show that {Fj{N, ■))n>i, j = 1> 2 are Cauchy sequences in L'^{Q) satis- 
fying bounds of type (14. 4p . (14. Sp . Using the Holder inequahty in the Q integration, 
we may write 

\\F,iM,u;)-F^iN,u;)h2^n) < C Yl 



N/2<\n\<M/2 



I I ^ 
n 2 



3 

n\ 2 



N/2<\n\<M/2 

c 

< ^ (recall that a < 1/2) . 

Thus (Fi(A^, •))Ar>i is a Cauchy sequence in L'^{Q) with the needed quantitative 
bound. Let us next analyse F2{N,u;). For that purpose, in contrast with Fi{N,uj), 
an orthogonality argument will be needed. For M > > 1, we set 

A(A^, M) = ((ni, 712, ns) G : m + 712 + ns = 0, ni / ±n2, ni / ±713, 712 7^ ±713 

< |rii|, \n2\, \ns\ < M, max(|7ii|, \n2\, \ns\) > N) . 

Therefore, we can write 

1 9ni{(^) Onii^) On^i^) 



F2iM,u;) - F2iN,u;) = — ^ 



(ni,n2,n3)eA(7V,A/) vW vW 

Observe that if {ni,n2, n^) and (ttii, m2, 7713) are two triples from A(A^, M) such that 
{rzi, 77,2, 713} / {777,1,777,2,7713} then 



(4.6) / gn^{uj)gn2iuj)gnaioj)gmii^^)gm2{^)9m3{^)dpiuj) = 0. 

Jn 

Indeed, using the independence, if nj-^ = —rrij^ for some ji,j2 £ {li2,3} then the 
integral ()4.6p is zero since J^^g^ {<^)dp{uj) = and ±?7,ji can not belong to the re- 
maining indexes. In all other cases there is one of the indexes (tii, 772, 773, 777,1, 7772, 7773) 
which is repeated only once and its opposite does not belong to {tii, 772, 773, 7771, 7772, ^77,3}. 
Therefore, we can write 

||F2(M,^)-F2(iV,^)||2 < c 

— 77l 772 77-3 

{ni,n2,n3)eA(Ar,M) ' ^' ' ^' ' 
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Using Lemma l2.H we infer that 



„^^(l + |ni|)(l + |ni + n2|) - (l + |n2|)i-^ (1 + jnal) (l + |n2|)i-^' 
Therefore 

m{M,u:)-F,{N,u:)\\l.^^^<C (i + I ' 1)2-. ^ ]^ - 

\n2\>N ^\ 

provided 1 — 2a > e > 0. Therefore {F2{uJ ■, N)) is a Cauchy sequence in 

with the needed quantitative bound. This completes the proof of (j4.4p . Let us now 

turn to the proof of ()4.5p . Write via the triangle inequality, 

{{SMV{^-,x)))^dx — I {{SNip{u},x)))^dx dp{uj) 
< (^\\Fi{M,u;)-Fi{N,u;)\\LPin) + ||F2(M, - F2(iV,c^)||iP(^^))^ 

Write 

Fi{M,uj) - Fi{N,uj) = — 3- 2^ —3 

^'^'^ N/2<n<M/2 

Recall that gni^^) = ;^(^n(i^) — iln{^^)) and thus one may directly check that 

Re{gl{uj)g2n{i^)) = (^(/i^(w)-l)/i2n(t^)-(^^(w)-l)/i2n(w)+2/i„(a;)/„(w)Z2n(w) 

Hence we are in the scope of applicability of Propositions 13.31 and 13.41 Consider 
parametrized by (xi,-- - ,XM,yir " iUm)-, where (xi,-- - correspond to the 

hn{uj), n = 1, • • • , M and where (yi, • • • , vm) correspond to the ln{^^), n = 1, - ■ ■ , M. 
Then we will apply Proposition 13.41 (with d = 2M) to the function 



Hi{xi,--- ,XM,yi,--- ,yM)= 3 X] 1^1 ' ((^n - l)a;2n - - l)a^2n) 

8V2vr2 jv/2<n<Af/2 



and Proposition 13.31 to the function 

-f^2(a;i, • • • ,a;M,yi, • • • ,yM) = — ^ |n|~2x„y„y2n • 

4V2vr2 ^/2<n<M/2 
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Indeed, 

Fi{M,Lo)-Fi{N,uj) = ,/imH,/i(w),--- ,/m(w)) 

+H2{hi{uj), - ■ ■ ,hMiuj),liiLo), - ■ ■ 

Using the independence, we may write that for j = 1, 2, 

\\Hj{hi{uj),- ■ ■ ,hM{uj),h{uj), - ■ ■ ,lM{uj))\\LP{n) = 
= \\Hjixi, ■ ■ ■ ,XM,yi, ■■■ ,yM 



LP 



(^lR2M,(2^)-Mexp(-iEf=i(=^i+?/^))dxi...dyM) 



Therefore, using Proposition l3.4l and Proposition l3.31 by sphtting Fi (M, uj)—Fi {N, w) 
into two parts, we obtain that 

\\F,{M,uj)-Fi{N,uj)\\l,^^~^ < Cp^/^\\Fi{M,uj) - F,{N,u;)\\L2(^n) < C^p^^^N-'' , 
where Cq, is independent of p, M and N. Similarly, by developing the product 

9nA^)9n2{^)gnz {^) 

for (ni,n2,?T.3) G A.{N,M) we observe that the difference F2{M,uj) — F2{N,uj) fits 
in the scope of applicability of Proposition 13.31 We obtain that 

\\F2{M,uj)-F2{N,uj)\\Lvin) < C//2||F2(M,c^) - F2(iV,a;)||i2(o) < a//^^"" . 

Thus ()4.5|) is established. This completes the proof of Lemma 14.31 □ 

We have the following standard corollary of Lemma 14.31 



Corollary 4.4. Under the assumption of Lemma \4-3l the sequence (/v)iv>i con- 
verges in measure to f. More precisely, for every e > 0, 

hm 9{u G Hq^S') : |/(n) - > e) = 0. 

N~*oo 

Proof. This is a consequence of the Tchebishev inequality. □ 

The next lemma is a general feature. 

Lemma 4.5. Let F be a real valued measurable function on Hq'^{S^). Suppose that 
there exist a > 0, N > 0, k gN* and C > such that for every p > 2 one has 

(4.7) \\F\\LP(de)<CN-y'/\ 

Then there exists 5 > and Ci > depending on C and k but independent of N 
and a such that 

(4.8) / e''^^l^(")l^(i0(u) < Ci. 
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As a consequence for A > 0, 



(4.9) 



e{u £ HQ^iS^) : \F{u)\ > A) < Cie 



-SN k \k 



Proof. If one is only interested to get (14. 9p then it suffices to use the Tchebishev 
inequality in the context of ()4.7p with a suitable p (depending of A). Let us now 
give the proof of the claimed statement (14. 8|) . Write 



fe-i 



2n oo 



n 



n=0 n=k 

If A; > 2, using the Holder inequality and (j4.7p . we get for n = 1, - ■ ■ ,k — 1, 



\F{u)\-deiu) < < CiV""(2n)2 



2n 2an 



C-N~ — {2nY 



The Stirling formula provides the existence of a positive constant C such that for 
every integer n > 1, 



n! ~ ^/n 



Therefore, by using ()4.7p . we obtain that for n > k, 



(5"iV— |F(n)|- 



Ho-(5l) 



n! 



de{u) < 



2n. 



CN--[-) 



n" 



nWk 

Summarizing the preceding gives that for k >2, 



Ct5] <-^(^ch6 
n\k 



2a 2 

JN~^\F{u)\'^ 



provided that 5 > is such that 



de{u) <i + Yj 



k-1 ^2n 

C k (2n) 



n=0 



6 < 



ni 



n=k 



+ (-C7^e(^j <Ci, 



2Cie 



For k = 1, the same bound holds by replacing the term 

gc^(2nr^„ 



n=0 



in the above inequality by zero. This completes the proof of Lemma 14.51 □ 
Lemma 113] implies the following distributional inequality for {fN)N>i- 
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Lemma 4.6. For every a < 1/2 there exists C > and 5 > such that for every 
M > N >1, every A > 

e{n G H^^S') : |/m(^x) - fN{n)\ > A) < Ce-'^(^"^)''' . 
Proof. It suffices to combine Lemma 14.31 and Lemma l4.5[ □ 
We next study the limit of ||'S'Ar('u)||^2(5i) — c^n as N ^ oo. Let us define the 
functions ^jv : Hf^'^iS^) ^ M by 

(4.10) gN{u) = \\Sn{u)\\12(^s^-)- ttN ■ 

We have the following statement. 

Lemma 4.7. The sequence {gN)N>i is a Cauchy sequence in LP'{Hq" {S^),B,d9). 
More precisely, there exists C > such that for every M > N > 1, 



(4.11) 



< CN~2 



Moreover, if we denote hy g{u) the limit of g^^u) in L'^{Hq'^ {S^),B.,d9) then gN{u) 
converges to g{u) in measure : 

Ve > 0, lim Qiu G {S^) : \g{u) - gN{u)\ > e) = 0. 

Proof. Write 
II — l|2 

II9M 9N\\^2(^H-''(S^),B,de) 

2 

\\SM<^iuJ, •)lli2(cji) - OM - \\Sn^{(^, Olliacsi) + '^N dp{uj) 

l9n(^)P-l 



E 

N<\n\<M 



n 



dp{(jj) 



Thanks to the independence and the normalization of (gn{uj)) we obtain that for 
ni / 77-2 one has 



/ 



(bni(c^)l' - l)(|5n2(a;)|' - l)dpiu;) =0. 



Therefore 



\gM S'Af||^2(jY-<T(5i)^g^rfg) " ^ I 12 



E 



- N 



N<\n\<M 

This proves (|4.11|) . The convergence of {giy{u)) in measure follows from the Chebi- 
shev inequality. This completes the proof of Lemma 14.71 □ 



We now prove a distributional inequality for {gN) 



N>1- 
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Lemma 4.8. There exist C > and 6 > such that for every M > N > 1, every 
A > 



9{u e Hq^S') : \gM{u) - 5Jv(n)| >X)<Ce 



Proof. We have 



\gM - gN\ 



LP{H-''{S^),B,dS) 



2 



E 

Af<|n|<A/ 

Recall that gn{^) = -j^{hn{i^) — iln{i^)) and thus 



dp{uj) 



- 1 = -KH - 1) + -(/^(a;) - 1). 



Therefore, using Proposition 13.51 and (j4.1ip . we obtain that 



< CpN- 



□ 



\\gM - 9N\\LP(H-''{S^),B,de) ^ Cp\\gM - gN\ 
A use of Lemma 14.51 completes the proof of Lemma 14.81 

Combining Lemma 14.31 and Lemma 14.71 we may define the function 

G : Ho'^iS^) — >R 

by 

Giu)^XR{9iu))e-y^-K 
We then have that G{u) is the limit in measure, as ^ oo, of 

(4.12) XK(l|57v(n)||i.(5i) -a7v)e-i/si(^iv«)W^'^-. 

2 

Indeed since xr{x) and e~3^' are continuous real functions, we have that XnidNiu)) 
and e~a-^^*-"^ converge in the 6 measure to XRidi^)) and e~'3^^'^^ respectively. Then 
we use that the convergence in measure is stable with respect to the product op- 
eration to conclude that indeed (|4.12p converges to G{u) in measure. Thus the 
function G is measurable from {Hq"{S^),B) to M. We are going to show that in 
fact G £ LP(HQ'^(S^),B,d6) for all finite p > 1. The main point is the following 
statement. 

Proposition 4.9. Let 1 < p < oo. Then there exists C > such that for every 
N> I, 



LP{d9{u)) 



< G. 
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Proof. Our goal is to evaluate the function ^(^4^), where 

for A > 200. More precisely, we need to show the convergence and the uniform with 
respect to N boundedness of the integral X'^~^9{Ax)dX. Set 

(4.13) No = {logXf. 

Suppose first that Nq > N. Using the Holder inequality, we get for u £ A\, 

^{SNu){xfdx < C\\Snu\\12(^s^)\\Snu\\l,^(si) < CaN\\SNu\\L'=<'(s^) 

< Clog(iV)||5Ar'u||ioo(5i) < C(loglog X)\\Snu\\ LOO (^s^) . 
Hence for every 5 > there exist C and c, independent of N, such that 

0{Ax)<e(u€HQ^S') : ||5^n||ioo(5i) >c(logA)i-^ ||5;vtx||i2(si) < Clog log a) . 

Thus, using Proposition 14.11 (with (logA)^~^ instead of A), we infer that for every 
e > there exist C > 0, c > such that e{Ax) < Cexp(-c(log A)^-^) < ClX'^ 
which yields the needed uniform integrability property. 

We can therefore suppose in the sequel of the proof that > Nq, where Nq is 
defined by ()4.13p . Consider the set 

^A,,. = (u€ HQ^'iS^) : \gN{u) - gNo{u)\ > , 

where ^at is defined by (j4.10p and k is a large constant. Lemma 14.81 vields 

0(5a,«) < Ce-^^'^^°^^^ = CX-^". 

Therefore if k 1 then fi{Bx i^) < CX^p~^^. Hence it suffices to evaluate 6{Ax\Bx^k)- 
Let us observe that for u £ Ax\Bx,Hi one has 

ll'S'Afo^lli2(5i) = i\\SNu\\l2^s^-^ ~ ~ (9n{u) - gNoiu)) + aNo 

< C7 + K + Clog(iVo) < CloglogA. 

Therefore Ax\Bx,k C Cx where 



Cx=(ue HQ^iS^) : I j {SNu)ixfdx 
We next observe that Cx C Dx U Ex , where 



> 2^ogX, \\Snou\\l^s^) 



< C log log A . 



Dx= lueH^^S' 



{SNou){xfdx >-logA, ||5'Arou|||2(si) < CloglogA 
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and 



Using Lemma 14.61 we obtain that for every q < 1/2 there exists C > and 6 > 
such that 9{Ex) < Ce-^^^o" i°g^)'''' < ClA"-^ by taking a close enough to 1/2 (recaU 
that A'^o = (logA)^). Hence it only remains to evaluate 9{Dx). Using the Holder 
inequality, we obtain that for u £ Dx one has 



^^{SNou){xy^dx < \\Snou\\l^(s^)\\Snou\\l2(^s^) < C loglogXW Snou\\l^{s^) ■ 
Therefore for every 5 > there exists C and c such that 

^2(51) < CloglogAj. 

Using once again Proposition 14.1^ we infer that for every e > there exist C > 0, 
c> such that e{Dx) < C exp(-c(log A)^-^) < ClX~^. Hence we conclude that 

OiAx\Bx,.) < 9{Cx) < e{Dx) + e{Ex) < ClX-"". 
This completes the proof of Proposition 14.91 □ 

Let us now consider the sequence of measurable functions from {Hq'^ {S^),B) to 
M defined as 

Since Gn converges to G in measure, we obtain that there exists a subsequence 
such that 

G{u) = lim GNkiu), a.s. 

fc— >oo 

Proposition 14.91 implies that there exists a constant C such that 

\\GN^{u)\\LP(^deiu)) < C, V/cGN. 
Hence Fatou's lemma implies that G{u) G LP{d9{u)) and moreover 



\G{u)\Pde{u) < liminf / |G^, (n)|P(ie('u) . 

Let now h he a bounded continuous function from Hq'^{S^) to M. Our goal is to 
show that 

(4.14) lim / GN{u)h{u)de{u) = [ G{u)h{u)de{u) . 

^-"X'Jh-''{s^) Jh-''(s^) 

Let us fix e > 0. Consider the set 

AN,e = {ue H^%S^) : \Gn{u) - G{u)\ < e). 
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Denote by the complementary set in Hq"{S^) of An^^. Then, using that h is 
bounded, Proposition 14.91 and the Cauchy-Schwarz inequahty, we infer that 

(GNiu) - G{u))h{u)de{u) < G\\Gn - Gh2^,e)mj,^et' < C[e{Aj,^,t^ , 
where G is independent of and e. On the other hand 



{Gn{u) - G{u))h{u)de{u) 



< Ge 



and thus we have (j4.14p since the convergence in measure of Gat to G impUes that 
for a fixed e, 

lim e{A%^,) = Q. 

This completes the proof of Theorem [TJ □ 

Let us observe that for R ^ 1 the measure dp{u) is not trivial. Indeed, by the 
estimates on second order Wiener chaos (see Lemma 14.81) we infer that 



where C > and 6 > are independent of R. Since for i? > 3, 



u G Hq^S^) : \giu)\ > R) C [u € H^^S^) : \gN{u)\ > i? - 2j 

uluGHo'^iS^) : \g{u) - gN{u)\ > l) 

using the convergence in measure of gNiu) to g{u), we obtain that for R ^ 1 
the set {u G H^'^{S^) : \g{u)\ < R) is of positive 6 measure and thus dp{u) is 
a nontrivial measure since its (non-negative) density is not vanishing on a set of 
positive 9 measure. The result of Theorem [1] implies some additional properties of 
the convergence of pN to p. For instance we have the following statement. 

Proposition 4.10. Let U be an open set of H~'^{S^). Then 

(4.15) liminfp^(C/) > p(C/). 

Let V be a closed set of H~^{S^). Then 

(4.16) p(y) > limsup/9iv(y). 

TV— >oo 

Proof. Applying Theorem [1] to h = 1, we obtain that 



(4.17) / G{u)de{u) = lim / GN{u)de{u) 
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We set 

Pn=[ GNiu)d9{u), 13= [ G{u)d9{u). 

If /3 = the assertion is trivial. We can therefore suppose that /? 7^ and that there 
exists Nq such that /Jtv 7^ 0, VA^ > Nq. Next, we define the probabihty measures on 
iH,^iS^),B) as 

dpN = P]^^dpN, N > No, dp = P^^dp. 

Since limj\[^oo Pn = P (see ()4.17p . Theorem [1] imphes that for every continuous 
bounded function h from Hq'^{S^) to M, we have 



h{u)dp{u) = hm / h{u)dpN{u) ■ 

But it is known (see e.g. \10\ [9]) that the above convergence is in fact equivalent 
with the fact that for every open set of H'^'^{S^) one has 

(4.18) liminfp^(C/) < p(C/). 

Using ()4.17p . we infer that (j4.15p holds. Finally, one obtains (j4.16p by passing to 
complementary sets in (j4.18p . This completes the proof of Proposition 14.10] □ 



5. The random distribution ip{uj, x) and the Benjamin-Ono equation 

5.1. Behavior of the map u ^ v? on the statistical ensemble. If one is 

interested to construct solutions of the Benjamin-Ono equation with almost all data 
i^{u),x) given by (jl.l2p . in view of the structure of the nonlinearity, it is natural to 
ask about regularity properties of (/3^(w,x). Since \\^{oJ, OIIl^ = cxd a.s. it is natural 
to project ip'^{uj,x) on the non zero modes. If we denote by 11 the projector on the 
non zero modes, we have the following statement. 

Lemma 5.1. For every s < there exists a constant C such that for every N , 

E(||n(</.2^(a;,x))||2,.(5i)) <C. 

Remark 5.2. The nontrivial point is that C is independent of N. 
Proof. Write 

o<\nMn,\<N'^VMni\2y/Tr\n2\ 
ni+n2f^0 
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Therefore 



2 1 



gni (w) 9122 (t^) 



n^^^O 0<m . no <]V VI -LI VI ^1 



2 



n^^O 0<|nj I ,|n2 I 

ni+n2=n 

Denote by G{uj) the right hand-side of the above equahty. Then using the indepen- 
dence of gn{^) one verifies that 

E(G)<c7j:ini- m^^E E H>ii-v-mi-. 

n^^O 0<|ni|,|n2l<iV HT^O m eZ\{0,n} 

ni+n2=n 

Therefore, using Lemma |2.H we get 

provided 2s + e < 0, i.e. < e < —2s. This completes the proof of Lemma l5.ll □ 



5.2. Tao's gauge transform on the statistical ensemble. In [13], Tao intro- 
duces a gauge transform which turns out to be a crucial tool in the low regularity 
well-posedness of the Benjamin-Ono equation (see [HI O E]). We now study the 
action of this transform on the functions on the statistical ensemble (I1.12P . Recall 
that Tao's gauge transform is defined by 



where P+ denotes the projector on the positive frequencies. For u £ L^(S^) with 
zero mean value the gauge transform is easily seen to belong to ^2(5^). For 
u G Hq{S^), —1/2 < s < one may give sense of the product e~*^^^"n in L^{S^), 

since d'^ G H^-'{S^) a.s. and 1 - s > 1/2 implies that e"^^-'" G H^~'{S^) a.s. 
It is however not a priori clear that for u £ Hq{S^), —1/2 < s < 0, the transform 
$(n) is also in Hq{S^). This turns out to be the case for u = ip{LO,x) a.s. in u as 
shows the next lemma. 

Lemma 5.3. Let us fix s < 0. Then ^{(p{uj, •)) G H^{S^) a.s. 
Proof. Write 

oo 



e 



k=l 



kl 



Recall (see e.g. llDj) that there exists an a.s. finite real valued random variable 
H{uj) such that for every n = 1, 2, • • • , 

(5.1) \gniio)\<(logil + n))^H{u;). 
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It suffices therefore to show that 



(5.2) 



R 



k+l 



The proof of (j5.2p is based on a repetitive use of Lemma 12.21 The square of the left 
hand-side of (j5.2p can be bounded by 



n>0 n,#o,,=i,...,fc+l PlP P2|2 



n=niH hnfc+i 

Next using A; + 1 times (|5.1|) we bound the last expression as follows 



1 



1 



1 



n>0 nj#o,j=i,...,fc+i Pi I l"-2 
n=niH hn^..,.! 

where e s]0, 4[. Using Lemma [221 we bound the above expression by 



E 



X 2^n 

n>0 



"j/0j=2,.-- ,fc 
nytn2-\ hWfc 



n2 2 nfcr p — ?^2 



Finally using k — 1 more times Lemma |2.2| we eliminate consequently n^, nfc_i etc. 
up to n2 and thus we bound the last expression by 



n 



2s 



1 



n>0 



n 2 



2(A:+1) 



provided < e < min(i — s). This proves (|5.2p and Lemma [531 is therefore estab- 



lished. 



□ 



5.3. Bounds on the second Picard iteration associated to the Benjamin- 
Ono equation with data ip{uj,x). If we set CT{n) = —n\n\, we then have that for 
w G Hq{S^), s G M the solution of the linearized around the zero solution Benjamin- 
Ono equation 

{dt + Hdl)u = 0, u\t=Q = w 

is given by 

u{t,x) = eM-tHdl){w) = ^e^*"(")e^'^^-u;(n) . 

n^^O 



INVARIANT MEASURES FOR BENJAMIN-ONO EQUATION 31 

If we are interested to solve the Benjamin-Ono equation with initial data ^{oj, x) 
then it is useful to study the problem 

(5.3) {dt + Hdl)u + dJeM-tHdl){^{uj,-))]\ n|t=o = 0. 



If we replace in (15. Sh (/^(w, x) by an Hq{S^) , s > function then it follows from the 
work by Molinet [IT] that the solution of (15. Sp is in Hq{S^). We are now going to 
show that in the context of (j5.3p the solution is a.s. in all Hq{S^), s < 0. 

Proposition 5.4. For every s < 0, the solution u of i5. 3|) is a.s. in H'^{S^). 

Proof. We have that 

d,(^expi-tHdl)i^iu;,-))y 
On the other hand by the Duhamel principle the solution of (j5.3p is given by 



u{t,x,uj) = - exp{-{t - T)HdJ(d^[ exp{-THdJ{(p{uj,-))) )dr. 
ore there exists a numeri 
t(t,x,u;) = c^ne**'^(")( ^ 



JO 

Therefore there exists a numerical constant c such that 

^U{a{n,)+a{n-n,)-a{n)) _ <7n-n,(a;) 



v^^^^^a(ni) + a(n-ni)-a(n) vWVI^-^il 
Using a direct case by case analysis implies that for ni ^ 0,n, n ^ 0, 

|(T(ni) + (T(n — ni) — (T(n)| > |n|. 
Therefore using the independence of gn{'^) and Lemma |2. 11 we obtain for s < 

IKV,-)|li.(0;^.(5.))<cX; E ^^^(^TT^ < E ^ < 

provided e > being such that 2s + e < 0. This completes the proof of Proposi- 
tion [531 □ 
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